ABSTRACT. We give a formula that represents magnetic Berezin transforms associated with generalized Bergman spaces as functions of the Laplace-Beltrami operator on the Bergman ball of C n . In particular, we recover the result obtained by J. Peeter [J. Oper. Theory, 24, 1990].
Introduction
The Berezin transform was introduced and studied by Berezin [2] for certain classical symmetric domains in C n and next extensively considered in the context of Bergman, Hardy and Bargmann-Fock spaces [4, 7, 11] . It is closely related to Topelitz operators [19] and is useful in the quantization theory and corresponding ⋆-product on a suitable algebras of functions as well as in the correspondence principle [2, 4] .
This transform is defined as follows. Let Ω be a domain of C n with a Borel measure µ and H a closed subspace of L 2 (Ω, dµ) consisting of continuous functions and possessing a reproducing kernel K(·, ·). Then, the Berezin symbol σ(A) of a bounded linear operator A on H is the function on Ω given by σ(A)(x) := Ae x , e x , where e x (·) := K(·, x)K(x, x) −1/2 ∈ H. Thus the Toeplitz operator T f with symbol f ∈ L ∞ (Ω) is the operator defined on H by T f (ϕ) = P( f ϕ); ϕ ∈ H, where P is the orthogonal projection from L 2 (Ω, dµ) into H. The Berezin transform associated to H is then defined to be the positive self-adjoint operator B := σT, which turns out to be a bounded operator on L 2 (Ω, K(x, x) 
dµ(x)).
In this paper, we deal with the Bergman unit ball Ω = B n in (C n , ·, · ) as domain endowed with its Lebesgue measure dµ. Since the Berezin transform can be defined provided that there is a given closed subspace of L 2 (B n , dµ) possessing a reproducing kernel, we are concerned here with the L 2 -eigenspaces of the Schrödinger operator with uniform magnetic field on B n given by
1 provided that ν > n/2. Above [x] denotes the greatest integer not exceeding x. Note that for m = 0, the space A 2,ν 0 (B n ) reduces further to be isomorphic to the weighted Bergman space of holomorphic functions g on B n satisfying the growth condition
The associated Berezin transform can be expressed as
Moreover, it can be written as a function of the Laplace-Beltrami operator ∆ B n ( [15, p.182] ) as
where Γ(x) being the usual Gamma function and α = 2ν − n − 1 occurring in the measure weight of the Bergman space under consideration in [15] by Peeter who derived (1.6) from a formula representing the Berezin transform on the Bergman ball as function of the ∆ B n , which was first established by Berezin in [3] . Our aim is then to generalize (1.5) and (1.6) to the case of the spaces in (1.1). We precisely attach to each of these eigenspaces a Berezin transform B m following the formalism described above as
where P (α,β) m (·) denotes the Jacobi polynomial [10] . Moreover, we have to prove that such transform can also be expressed as a function of the Laplace-Beltrami operator ∆ B n in terms of the 3 ̥ 2 -sum as
In particular, when m = 0, the transform (1.7) reduces to the well known Berezin transform B in (1.5) on the unit ball [2] and the expression (1.8) becomes the formula (1.6). The paper is organized as follows. In Section 2, we fix some notations and we review briefly some needed tools on the bi-holomorphic maps of the ball, the spectral function of the Laplace-Beltrami operator and the Fourier-Jacobi transform of this operator. In Section 3, we are dealing with the L 2 -spectral theory of the Schrödinger operator with uniform magnetic field on the unit ball and we are concerned in particular with the reproducing kernels of the eigenspaces associated with the discrete spectrum. In Section 4, we construct for each of these eigenspaces a Berezin transform that we express in terms of the bi-holomorphic maps of the ball. In Section 5, we give a formula representing the constructed Berezin transform as function of the Laplace-Beltrami operator.
SOME NOTATIONS AND TOOLS
Here we fix some notations and we recall some needed tools we will be using such as the bi-holomorphic maps of the ball, the spectral function of the Laplace-Beltrami operator and the Fourier-Jacobi transform.
2.1
The Moebius group of B n . Let C n be endowed with its standard inner product z, w
We denote by B n = {z ∈ C n : |z| < 1} the unit ball of C n . The Moebius group of B n , denoted Aut(B n ), i.e. the set of the biholomorphic mappings ϕ : B n −→ B n (called also the autormorphisms of B n ) acts transitively on B n . For fixed a ∈ B n , let P a be the orthogonal projection of C n onto the subspace < a > generated by a and let Q a = I − P a be the projection onto the orthogonal complement of < a >. To be quite explicit, we have P a (z) = z, a a/ a, a if a = 0 and P 0 (z) = 0. For every a ∈ B n , set
Then, the maps ϕ a have the following properties [16] : 
and (vi) The identity
holds for every w, w ′ ∈ B n . The elements of Aut(B n ) are the maps ϕ a ; a ∈ B n , and their unitary transformations. Indeed, if ψ ∈ Aut(B n ) and a = ψ −1 (0), then there is a unique U in the unitary group U(n) such that ψ = U.ϕ a . Moreover, in view of (2.3), ψ satisfies the identity
For our purpose, we will be concerned with the automorphism
where A z is the n × n matrix given by
I n being the identity matrix.
The Laplace-Belrami operator.
Recall that the Bergman kernel of the unit ball is given by
so that one defines
where we have used the notation ∂ k and ∂ k to mean
with z k = x k + iy k ∈ C. Therefore, the Bergman metric on B n defined through
so that the Bergman ball (B n , ds 2 ) carries a Kählerian structure. The corresponding invariant volume measure is
and the geodesic distance d(z, w) reads
The Laplace-Beltrami operator associated to (B n , ds 2 ) is defined to be
(g ij ) being the inverse matrix of (g ij ). Note that ∆ B n is invariant under the action of the group SU(n, 1) and its spectrum σ(
is purely continuous and equals to ] − ∞, −n 2 ]. Instead of ∆ B n , we have to deal with the non- 14) whose the kernel function has the integral representation 15) where the spectral kernel is given by ([13, p.13]):
in terms of the 2 ̥ 1 (·)-Gauss hypergeometric function [10] .
2.3
The Fourier-Jacobi Transform. Let us recall that the Jacobi functions are defined by
The particular case of t = iθ and λ = i(2n 
and φ
is the Legendre function. Now, let us assume that α > −1 and β ∈ R∪iR, and set
Then the Jacobi function φ
is an even C ∞ -function on R satisfying the second order differential equation
with φ (α,β) λ (0) = 1, and is uniquely defined by these properties. Moreover, for α > −1 and
where
This establishes a one-to-one correspondence between the space of even C ∞ -functions on R with compact support and its image under the Fourier-cosine transform, as characterized by the classical Paley-Wiener theorem. The mapping f → g, which is called the Fourier-Jacobi transform, can be extended to an isometry of the Hilbert spaces between
Note that in the case of α > −1 and |β| > α + 1, (2.
where D α,β is a finite subset of iR and the weights d α,β (λ) can be given explicitly. For more information on the Fourier-Jacobi transform see Koornwinder's paper [12] and the references therein.
THE GENERALIZED BERGMAN SPACES
Associated to the Kählerian manifold (B n , ds 2 ), modeling the complex hyperbolic space of negative holomorphic sectional curvature, there is a canonical vector potential
Thus, the magnetic Schrödinger operator, describing a charged particle moving in B n under the action of the derived magnetic field dθ, can be defined as
2)
It appears then as the Laplace-Beltrami operator in (2.13) perturbed by a first order differential operator. Its expression in the complex coordinates is given by ( [9] ):
Different aspects of the spectral analysis of H ν have been studied by many authors under different names and notations (like Maass Laplacians, Landau Hamiltonians, ... ), see for example [18, 1, 5] for n ≥ 2 and [6, 14] for n = 1. For instance, note that H ν is an elliptic densely defined operator on the Hilbert space L 2 (B n , (1 − |z| 2 ) −n−1 dµ) and admits a unique self-adjoint realization denoted also by H ν . Moreover, it is a known fact that the discrete spectrum of H ν on L 2 (B n , (1 − |z| 2 ) −n−1 dµ) is not trivial whenever ν > n/2 and consists of a finite number of infinitely degenerate eigenvalues of the form
for varying integer m such that 0 ≤ m < ν − n/2. The corresponding L 2 -eigenfunctions, i.e., the elements of the space A 2,ν m (B n ) in (1.1) can be written explicitly in terms of the Jacobi polynomials P (α,β) j (x) and the complex spherical harmonics h p,q (z,z) [8, 16] . Namely, from [18, 9] we check that the functions
constitute an orthogonal basis of the space in (1.1), for varying integers p and q such that p = 0, 1, 2, · · · , and q = 0, 1, 2, · · · , m, whose the square norms in L 2 (B n , (1 − |z| 2 ) −n−1 dµ) are given by
Furthermore, the space A 2,ν m (B n ) is a reproducing kernel Hilbert space, i.e., for every fixed z ∈ B n , there exists a function K ν m,z belonging to this space such that
Its expression is given in terms of the hyperbolic distance in (2.12) as
For m = 0, the L 2 -eigenspace associated to the bottom eigenvalue ǫ ν,n 0 = 4νn is isomorphic to the usual weighted Bergman Hilbert space of holomorphic functions g on B n such that (1.4) holds. The corresponding reproducing kernel reads 
GENERALIZED BEREZIN TRANSFORMS ON THE UNIT BALL
We adopt to the formalism presented in Section 1 to the case of the Bergman ball Ω = B n as domain of C n and A 
where K ν,n m (z, w) is given in (3.8). Therefore, for given complex-valued function φ such that φ K m ∈ L 2 (B n , (1 − |z| 2 ) −n−1 dµ), the Berezin transform of φ is defined to be the Berezin symbol of the Toeplitz operator T m (φ) with symbol φ defined on A 2,ν
By expressing (4.3) as an integral, we get
where 
is called the generalized Berezin transform of index m.
Proposition 4.2.
The transform B m defined in (4.7) can be written as
where ϕ z (w) is as in (2.5).
Proof. Fix z ∈ B n and set w = ϕ −1 z (ξ), where ϕ z (w) is as in (2.5). We have ϕ z ∈ Aut(B n ) and ϕ z (0) = z. The quantity in the right hand side of (4.8) reads, in terms of ξ, as
By writing down the identity (2.4) for ψ = ϕ −1 z and w = w ′ , we get
Also, by making use of (4.11) giving the explicit expression of the Jacobian of the transformation ξ = ϕ z (w) is given through (4.11), we see that
Therefore, the expression in (4.9) can also be written as
which is exactly the expression of B m as defined in (4.7).
B m AS FUNCTION OF THE LAPLACE-BELTRAMI OPERATOR
Our task here is to express the generalized Berezin transform B m as a function of the Laplace-Beltrami operator ∆ B n . Precisely, we establish the following result. 
Proof. On one hand, the transform B m is the integral operator
with the kernel function
where ρ = d(z, w) and γ ν,n m is as in (3.9) . On the other hand, from (2.14) combined with (2.15), we obtain
Ψ(z, w; λ) being the spectral function given in (2.16). Now, by equating (5.1) and (5.3) we get
by uniqueness of the kernels. Explicitly,
where h is used to represents the function 4π n+1 m!Γ(n)B m (z, w), i.e.,
To determine the function f we need to invert the integral equation (5.5) . For this, we make appeal to the Fourier-Jacobi transform
as defined in (2.22) by
Its inverse is given by
For α = n − 1, β = 0 and t = ρ, the involved quantities φ 
In view of the transform (5.8), the function f takes the form
(5.14)
Substitution of h(ρ), φ (n−1,0) λ (ρ) and ∆ n−1,0 (ρ) by their explicit expressions, as given by (5.6), (5.10) ad (5.11) respectively, yields
By the change of variable x = sinh 2 (ρ), Equation (5.15) becomes
Next, we adopt a formula of the product of two Jacobi polynomials [17, Eq (10) , p.648] to write that
The change of the variable 1 − t = u and the use of the formula [10, p. There α = 1 h − n − 1 occurs in the measure weight of the Bergman space considered in [15] . The result we obtain recovers the Peeter's one by taking m = 0 and α = 2ν − n − 1 (i.e., 
